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Introduction

© Many companies have containers to be shipper out.
© A cargo ship can delivery C containers per journey.
© As long as one container can not be shipped out today, the company has
to wait another day.
How to delivery the containers from different companies to minimize the

total completion time?
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Formulation

@ Given a set J of n jobs, for each job 7,
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Formulation

@ Given a set J of n jobs, for each job 7,
@ Fully Parallel, processed on any machine at any moment.
@ s;, the workload, s; € N.
@ wj, the weight (importance), w; € R.
@ released at time zero.
@ Given m identical machines, for each machine ¢,
o finish one job of one unit workload during one unit time.
@ A feasible schedule is a table M,

@ M(i,t): the job executed on machine ¢ during time unit [t — 1,¢),

o Job completion time C; = max t.
M (3,t)=j
@ Objective: minimize T'= 3, ; w;C;.
TV T3TyT5 T
1 Jobl
My B Job2
Ms[ ] R B Job3
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Formulation

@ Observation: Jobs should be scheduled consecutively.

TV LTy Ts T

1

My
M[_]

Kai WANG

TV TTy Ts T
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Formulation

@ Observation: Jobs should be scheduled consecutively.

2 iz Si
OT:ZjGijIV 7?1] ~‘

 NLLLTT, TLTTTT

1 Ml Jobl
My _ M B Job2
M;[ ] ~ M3 ~ ~ Job3

T Ty T Ty Ts T
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Contribution

@ Related works: first introduced by Zhang et al. [TCS 2013]

@ Strongly NP-hard when m is input.
o Proposed a 2-approximation algorithm, Largest-Ratio-First (LRF)
algorithm.
@ LRF algorithm: schedule the job with largest ratio w/s first.
@ Our contribution: the LRF algorithm is « - approximation,
e a=1+ % for instance of jobs with equal density w;/s; =1,
where ¢ = [22],
o)1+ <a<l+1i;
@ ii) « is tight for some group of instance;
@ i) we give tight upper bound of « for different group of instances.

o =1+ 2=, for general case.
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Instance of Jobs With Equal Density (overview)

@ Equal density: w; = s;, Vj € J.
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(m,n)

@ We prove J* € Jorg
Kai WANG Worst Case Bound of LRF Schedule for Fully Parallel Jobs 7/21



Splitting of Jobs

Definition

Free job: be executed within one unit time;
Unlucky job: one unit workload less, finished earlier.
Splitting: replace one job by two jobs, keep both w/s and total workload.
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time

free
-0n
~unlucky

"]
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time time
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Splitting of Jobs

Definition

Free job: be executed within one unit time;
Unlucky job: one unit workload less, finished earlier.
Splitting: replace one job by two jobs, keep both w/s and total workload.

time time

free

-CJN
~unlucky
"]
o T —T =0, for free jobs.

o T —T <0, for unlucky jobs.
o TV —T <0, generally.

JOU [ CRIDD
JOU S [CRIDD
JOU S [CROIDD—

@ green: 2x4vslx4+1x4.
@ vellow: 3 x4vs2x3+1x4.
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Splitting of Jobs

Definition

Free job: be executed within one unit time;
Unlucky job: one unit workload less, finished earlier.
Splitting: replace one job by two jobs, keep both w/s and total workload.

time time time

L free 1 L L
2 2 2 2
3 -0 3 3 3
1 ~unlucky 1 1 1
5 Ny _u 5 5 5

o T —T =0, for free jobs.
o T —T <0, for unlucky jobs.
o T" —T <0, generally.

@ green: 2x4vslx4+1x4.
@ vellow: 3 x4vs2x3+1x4.

For any feasible schedule S, T'(S,J) > T(Junit).
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Properties of Organized Instance

Definition

An organized instance J(y,z, k) = m¥ + k' + 1% s.t. L(J) > m(y + 1),
wheren=y+2z+1,1<k<m,0<z<n(y,2keN).
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~(m,n)
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o schedule Sy = (m¥, k,17) is optimal and T(OPT, J) = T(J""it).

my
 — kl
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Given m,n > 2, a(ﬁ((;lgm)) > a(:jg%n—i—l)).

VI = J(y,z k) 63%’”) st n=y+2z+1, a(J):l—l—%
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Instance Achieving Maximum Approximation Ratio

Next, we prove that

a@™) = a@Gi) = oG

org one

30 = (T |Vj e J w; = sj, |J| =n}
M 1y VjeJ 1< s; <m, Je3mn)

3(()7}19’7‘) contains all the organized instances of n jobs
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Instance Achieving Maximum Approximation Ratio

Given m,n > 2, a(ﬁz(;le’n)) = a(ﬁgfq’;n))-

Isrs) — al)) <a(])

ol T e
3071(; 12 ~(man/) < ~(mzn)
n n Oé(\jorg ) >~ a(\jorg )

Kai WANG Worst Case Bound of LRF Schedule for Fully Parallel Jobs 1 /21



Instance Achieving Maximum Approximation Ratio

Given m,n > 2, a(ﬁg’ﬁe’")) = a(ﬁg%n))-

1
2
3]
4
5
6
7
8
9
10
— a(J) <a(])
| | J € 3

Kai WANG Worst Case Bound of LRF Schedule for Fully Parallel Jobs 1 /21



Instance Achieving Maximum Approximation Ratio

Given m,n > 2, a(ﬁg’ﬁe’")) = a(ﬁg%n))-

1
2
3]
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Instance Achieving Maximum Approximation Ratio

Given m,n > 2, a(ﬁg’ﬁe’")) = a(ﬁg%n))-
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Instance Achieving Maximum Approximation Ratio

Given m,n > 2, a(ﬁg’ﬁe’")) = a(ﬁg%n))-

1 Job 1
:-Z: B Job2
:;1 Job 3
:g EH Job4
:g [] unit job
10
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm™) = a(3g%n)

).

I () < )
~(m.s) J e g
Jone e ~(m,n’ ~(m,n’
| o of ‘(’(712 n,))) = O‘(Jgrn% n;)
3(m,*) y a(ﬁoré ) < Q(Jorg’ )
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm)) = 04(3%’”))-

r JJobj

I () < )
~(ms) | J € g
Jone e ~(m,n’ ~(m,n’
| o of ‘(’(712 n,))) = O‘(Jgrn% n;)
3(m,*) y a(ﬁoré ) < Q(Jorg’ )
n n
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm™) = of 572’"))-

- Job j
Job jl
Job j» Wyl — a() <a()
32:’767*) ‘ a J/(SL g’%ZLe’n ) (m,n")
_ \ o aQmé ) =(Jorg )
3(m,* L . a(ﬁ%’" )) < a(JOTrﬂg,”))
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm™) = (3%;” ).

'JOb] @ split s.t. sj, = m, objective value reduces by s;, - 1

Job J1
Job j» Wyl — a() <a()
32:’767*) ‘ a J/(SL g’%ZLe’n ) (m,n")
- Ol(:joné /) = Oé(:jorg’ )
3(m,* / a(ﬁ%’" )) < a(JOTrﬂg,”))
n n
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o T(OPT,J) <T(OPT,J)— sj,.

Job jl
Job j» Wyl — a() <a()
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm™) = (3%;” ).

Job j @ split s.t. sj, = m, objective value reduces by s;, - 1.
o T(OPT,J) <T(OPT,J)—sj
o T(LRF,J") > T(LRF,J) — sj,

Job jl
- ~ (M%)
Job j2 \Jorg T T a(J) <(7an(;L];)
Iome ‘ - J/(E 3'3”8 )
_ \ E T (~o(r;§; n,)) = 04(30(#; n))
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Instance Achieving Maximum Approximation Ratio

Given n,m > 2, a(Jm™) = (3%;” ).

- Job j

Job jl

Job j2

Kai WANG

@ split s.t. sj, = m, objective value reduces by s;, - 1.
o T(OPT,J) <T(OPT,J)—sj
o T'(LRF,J") > T(LRF,J) — sj,.

@ Consequently, a(J') = ;Eéﬁ?ij; > ;géﬁ?ﬁ = a(J).

org —,—-» — a(J) < Ot(J’)

~(m.s) J e g

Jone e ~(m,n’ ~(m,n
7 el ) = e )

J(m * a(ﬁo’r;j ) < a(:‘org’ )
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Approximation Ratio Bound (Organized Instance)

(m,n)

Previously, VJ = J(y, 2z, k) € Jorg = st. n=y+z+1,
m— k—
a(J) =14 W0l

@ L(J)=y-m+1-k+z-1is the total workload of .J.
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(m,n)

Previously, VJ = J(y, 2z, k) € Jorg = st. n=y+z+1,
a(J) =1+ U=,
@ L(J)=y-m+1-k+z-1is the total workload of .J.

@ Define a = L%J, b= L(J)—am.
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Approximation Ratio Bound (Organized Instance)
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Previously, VJ = J(y, 2z, k) € Jorg = st. n=y+z+1,
a(J) =1+ U=,
@ L(J)=y-m+1-k+z-1is the total workload of .J.
@ Define a = L%J, b= L(J)—am.
o T(Jt) =m(1+2+..+a)+bla+1).
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Approximation Ratio Bound (Organized Instance)

Previously, VJ = J(y, z, k) € 322’;“’ st. n=y+2z+1,
m— k—
a(J) =14 W0l

@ L(J)=y-m+1-k+z-1is the total workload of .J.
@ Define a = L%J, b= L(J)—am.

o T(Jt) =m(1+2+..+a)+bla+1).

T(LRF.J) am-tb—n
° a(J)) = W =1+ @i D 2 Th@TD

KA KT N |
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Approximation Ratio Bound (Organized Instance)

@ Define function g(a,b) = ma(ai%%ll?(aﬂ) (>0, b>0).
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Approximation Ratio Bound (Organized Instance)

@ Define function g(a,b) = ma(ai%%ll?(aﬂ) (>0, b>0).

i =2 g(a,m) =g(a+1,0), YVa >0

m Ny —g(a,b) < gla,b+1),V0<a<t,0<b<m
g(a,b) > gla,b+1), Ya>t, 0<b<m

— g(a,b) =g(a+1,0), a=t,0<b<m
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Approximation Ratio Bound (Organized Instance)

@ Define function g(a,b) = ma(ai%%ll?(aﬂ) (>0, b>0).

i =2 g(a,m) =g(a+1,0), YVa >0

m Ny —g(a,b) < gla,b+1),V0<a<t,0<b<m
g(a,b) > gla,b+1), Ya>t, 0<b<m

— g(a,b) =g(a+1,0), a=t,0<b<m

o Define i = [22],

g(a,b) <g(i,0), Va> 0,0 <b<m,a,beN
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Approximation Ratio Bound (Organized Instance)

@ Define function g(a,b) = ma(ai%%ll?(aﬂ) (>0, b>0).

i =2 g(a,m) =g(a+1,0), YVa >0

m Ny —g(a,b) < gla,b+1),V0<a<t,0<b<m
g(a,b) > gla,b+1), Ya>t, 0<b<m

— g(a,b) =g(a+1,0), a=t,0<b<m

o Define i = [22],

g(a,b) <g(i,0), Va> 0,0 <b<m,a,beN

@ Eventually,
2(im —n)

alJ) <1+ g(i, O)_l'i‘W
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Approximation Ratio Bound (Organized Instance)

For any organized instance J € 3,()73”), L(J) = im if and only if
1<n-+1—m, wherei = (%ﬂ

@ how abouti>n+1—m, L(J)=im —1, im+1,..7

@ Group the instance, in each group (region) of instance we find the tight
bound.

o Roughly, for region B;, B; = {(m,n) | i = [22],m > 3}
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Approximation Ratio Bound (Organized Instance)

Regions Approximation Ratio | function g(a,b)

By ={m =2} 1+ 25 (tight) gn—1,m—1)

B ={m >2n,m > 3} 14 mm"H (tight) g(3,1)

Bs ={m=2n—1,m > 3} 1+ 2’"—_11 (tight) gi—1,mn—1)

Bo={n<m<2n—2m>3} 1+ 2=l (tight) [ g(3,1)
={m=n—-1,m>3,n#4} 1+ 22== (tight) g(i—1,m—1)

Bs={Z<m<n-2m>3} _

Bi={3<Z<4d,m>3n#b} 1+ 20mn) (tight) | g(i,0)

B—{2—1< <zm>3}Vz>5

B ={m=34<n<5 14 Fen)

Table: Approximation ratio bound of instances in different regions.
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Approximation Ratio Bound (Organized Instance)

n, number of jobs

m, number of machines

a B » 0 0 @9 P < O o % O & > B QO © O
o)

Figure: Example of the region division for 2 < n,m < 20
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Instance of Jobs with Arbitrary Weights

Definition

VJ, let J(©) = {(w}, s5) |wi = s;,j € J} be the corresponding job set of .J.
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Instance of Jobs with Arbitrary Weights

Definition

VJ, let J(©) = {(w}, s5) |wi = s;,j € J} be the corresponding job set of .J.

VJ, there always exists a subset J; C J such that a( Se)) > aJ).

VJ, a(J) < a(@m2) =14 nl
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Conclusion

@ We prove that LRF algorithm is a - approximation (a < 2).
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Conclusion

@ We prove that LRF algorithm is a - approximation (a < 2).

@ For instance of jobs with equal density w;/s; =1,

i+ (i—2n/m)

o a =1+ ", where i = [2z]
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Conclusion

@ We prove that LRF algorithm is a - approximation (a < 2).

@ For instance of jobs with equal density w;/s; =1,

o azl—f—%,wherei:[%]

o we give tight upper bound for different group of instances.
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Conclusion

@ We prove that LRF algorithm is a - approximation (a < 2).
@ For instance of jobs with equal density w;/s; =1,

9 a:l—i—%,wherei: [2z]

@ we give tight upper bound for different group of instances.

_ m—1
@ For general case, a =1+ pro,
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@ what is the complexity of the problem when m is fixed?
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@ what is the complexity of the problem when m is fixed?

@ Considering release time?
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@ what is the complexity of the problem when m is fixed?
@ Considering release time?

@ Considering machine reservation time period?
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@ what is the complexity of the problem when m is fixed?
@ Considering release time?
@ Considering machine reservation time period?

@ unrelated machines, i.e. different machine takes different processing
time.

Kai WANG Worst Case Bound of LRF Schedule for Fully Parallel Jobs 20 /21



Question?
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